A new machine will not fail easily in the early stage of its useful life. This phenomenon is consistent with the fact that the optimal sequential preventive maintenance (PM) policy which has longer PM intervals in its earlier stage of lifetime. In this paper, we propose a failure-ratereduction periodic PM model with delayed initial time in a finite time span. Then, the optimal periodic PM policy is developed by minimizing the expected total maintenance cost, which can have smaller expected total maintenance cost than the optimal policy of the original failure-ratereduction periodic PM model. The algorithm of finding the optimal PM policy for the proposed PM model is developed. Finally, examples are illustrated to verify the optimal policies of the proposed new PM model.
Introduction
For a deteriorating and repairable system or equipment, the preventive maintenance (PM) can decelerate the aging speed or reduce the failure rate and then restore the system to a younger state (Pham and Wang [6] , Nakagawa [5] ). In real world, a system's useful life is normally finite.
When an aged system is replaced by a new one, the new system may not have exactly the same conditions (such as characteristics, investment cost, and maintenance expenses) as the system of the previous replacement cycle. For example, a new personal computer will not have exactly the same type of CPU as the replaced old computer since the CPU of the replaced computer may be phased out. It seems that the PM model found in literature (e.g., Nakagawa [5] and Jayabalan and Chaudhuri [3] ), which are under the assumption of infinite time span, might not be suitable for the above case.
There is only some literature relating to the PM models of finite time span. The PM models for the leasing equipments are the most common examples of the finite-time-span case. These models are usually defined with a periodic PM interval. Pongpech and Murthy [7] developed a periodic PM model with failure rate reduction for the leasing equipments in a finite time period.
Cheng et al. [1] and Cheng and Liu [2] discussed the cases of fully-periodic and partiallyperiodic PM policies using the algorithm proposed by Pongpech and Murthy [7] .
On the other aspect, a new system or machine will not fail easily in the early stage of its useful life. This phenomenon reflects the theoretical fact that the optimal policy of a sequential PM has longer PM intervals in the earlier stage of its useful lifetime (Nakagawa [5] ). Thus, for a finite time span issue, in order to obtain a better PM policy, we consider the idea of delaying the initial time of a periodic PM program where the periodic PM activities can be arranged more easily and conveniently than the sequential or non-periodic PM activities. The purpose of this research is to apply the above idea to develop a periodic PM model whose optimal PM policy has smaller expected total maintenance cost (TC) than the optimal PM policy of the comparative PM model.
In this paper, the proposed PM model is compared to the PM model developed by Pongpech and Murthy [7] and Cheng and Liu [2] which is noted as "the original PM model" and is illustrated in Figure 1 . In the original PM model, it can be found that the searching range of the PM interval (T) for any given number of PM (N) is constrained in the range of [T min , T max ) where 
The Delayed PM Model with Failure Rate Reduction
For the delayed PM model, the improvement factor introduced by Malik [4] is applied to measure the PM restoration effect. Since a deteriorating system or equipment with a useful finite life time is considered in this research, the minimal repair cost and the PM cost over the finite life time are the necessary elements of the cost function in the delayed PM model.
Nomenclature

L
The useful life time (finite time span) for the system or equipment.
T
The time interval of each periodic PM.
N
The number of PM cycles in the finite life time span (L).

The improvement factor for measuring the effect of PM restoration where 01.

The time of the first PM where   0.
λ(t)
The original hazard rate function at time t (before the first PM).
The hazard rate function at time t of the i th PM cycle and λ 0 (t)=λ(t).
which is the expected number of failure at time t of the i th PM cycle and
which is the upper limit of the quantity of the failure rate reduction for each PM δ N (,) The quantity of the restored failure rate after each PM when given N, which is affected the time of the first PM () and the improvement factor (); the notation is simplified as δ N () when = 1.
C mr
The minimal repair cost of each random failure. ( , , )
The expected total maintenance cost over the finite life time interval L, the notation is simplified as ( , ) TC N  when  = 1.
Assumptions
The following are the assumptions for the delayed PM model.
 The system is deteriorating over time with power law increasing failure rate (IFR) in which
Weibull failure distribution is assumed in this paper, i.e.,
where  is the scale parameter and  is the shape parameter with   1.
 The system is disposed at specified finite time (L) without replacing a new one where the disposed system is assumed to have no salvage market value.
 The periodic PMs with constant time interval (T) are performed over a finite time period where the PM can reduce the system's failure rate to a younger level and the PM interval is
 The initial time of the PM program is assumed to be delayed and the first PM is performed at time  where   0.
 The failure rate restored in each PM is assumed to have the same quantity (δ N (,)) when
given N, , and , and the failure rate function of the ith PM (λ i (t)) is defined as
 Minimal repair is performed when a random failure occurs between each PM.
 The minimal repair cost (C mr ) of each random failure is assumed to be constant.
 When given N, , and , each PM cost (C pm ) is assumed to be variable, which is affected by the age (expressed by the number of PM performed) and the quantity of failure rate reduction, and is defined as the following equation.
where a, b, and c are the coefficients of the PM cost function.
 The times to perform PMs and minimal repairs are negligible in the delayed PM model.
 The minimal repair cost (C mr ) and the PM cost (C pm ) are assumed to include the following items: labor of repair and maintenance, material and parts, and loss of downtime in production and it is assumed that C pm  C mr in this paper.
Model Development
In the delayed PM model, the number of PM (N), the time of the first PM (), and the improvement factor () are the decision variables. Thus, the PM time interval (T) can be obtained as T = (L)/N. Since the quantity of the restored failure rate is assumed to be equal for each PM, the upper limit of quantity of the failure rate restoration ( ( ) ( 1) ( 1) ( , ) ( ) .min .min .
The expected total maintenance cost (TC) of the delayed PM model is derived as follows.
For Weibull failure case, the equation of TC can be expressed in Eq. (6). 
The Properties of the Model
Proof. Since the failure rate function (t) is a strictly increasing function, it can be obviously found that, 
According to Theorem 1, we know that  N (,)   N+1 (,). Thus, the inequality of Eq.(9) remains valid if the term  N+1 (,) is substituted by  N (,) and it becomes
Similarly, TC(N,,) < TC(N-1,,) can be written as
Based on Theorem 1, we know that  N-1 (,)   N (,). Thus, the inequality of Eq.(11) remains valid if the term  N (,) is substituted by  N-1 (,) and it becomes 
Next, to prove that there exists a unique N * <  which satisfies Eq. (8) for any given  and , we need to verify that ( , , ) ( 1, , ) 0
 which is shown as follows.
Again, from Theorem 1, it can be found that Proof. For given positive  and N > 0,  * can be obtained by taking partial derivative of Eq. (5) with respective to  as follows. ( 1) ( 1) ( ) ( ) min min . 
The above equation can be written as
For a given N, it can be found from Eq.(15) that  N () is strictly increasing in  and it is known 
Numerical Examples
Numerical examples are performed and the optimal solutions of the delayed PM model are compared to the original PM model developed by Pongpech and Murthy [4] . The system's life is assumed to follow Weibull distribution with scale parameter  =1 and shape parameter  = 2.5, Table 1 . Table 1 We also analyze the sensitivity of each parameter to the optimal solution of the proposed PM model by using the ANOVA method which is shown in Table 2 . It can be found that  and c are significantly sensitive to the optimal total maintenance cost TC. It can be shown from the results that (1) the hazard rate function do affect the PM policy; (2) the unit cost of failure rate reduced (coefficient c) in the variable PM cost (C pm ) is more sensitive to the optimal total maintenance cost (TC) than the other coefficients (a and b).
Conclusions
In this paper, the delayed PM model with failure rate reduction is developed for the case of 
